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PRODUCT SYSTEMS OVER RIGHT-ANGLED
ARTIN SEMIGROUPS

NEAL J. FOWLER AND AIDAN SIMS

ABSTRACT. We build upon Mac Lane’s definition of a tensor category to intro-
duce the concept of a product system that takes values in a tensor groupoid G.
We show that the existing notions of product systems fit into our categorical
framework, as do the k-graphs of Kumjian and Pask. We then specialize to
product systems over right-angled Artin semigroups; these are semigroups that
interpolate between free semigroups and free abelian semigroups. For such a
semigroup we characterize all product systems which take values in a given
tensor groupoid G. In particular, we obtain necessary and sufficient conditions
under which a collection of k 1-graphs form the coordinate graphs of a k-graph.

INTRODUCTION

Product systems were introduced by Arveson in his study of one-parameter semi-
groups of endomorphisms ([1]). Very roughly, a product system is a family (E} )0
of complex Hilbert spaces that is endowed with an associative multiplication such
that, for every s,t > 0, there is a unitary isomorphism F; ® F; — Fsy; which maps
the elementary tensor z ® y to the product xy. The first discrete analogues of these
were studied by Dinh in [3], where the parameter ¢ was constrained to take values
in the positive cone of a countable dense subgroup of R. Product systems over
arbitrary semigroups were introduced by Fowler and Raeburn in [8], and the first
author has continued this line of investigation in [5] and [6]. Although the papers
cited above all focus on the C*-algebras associated with product systems, here our
interest is purely in the algebraic structure of product systems.

This note was inspired by two recent developments. In [7], the notion of a
discrete product system was extended to allow for fibers that are right-Hilbert bi-
modules over a C*-algebra, thus opening connections with Pimsner’s generalized
Cuntz algebras ([I5]). Second, in [I12] Kumjian and Pask developed the notion of
k-graphs, and these have much in common with product systems over the semi-
group N¥. Our first goal is thus to generalize the definition of a product system to
encompass these different algebraic structures. We do this in Section [[] by extend-
ing Mac Lane’s definition of a monoidal category [13] §VIL.1] to that of a tensor
groupoid G, and by developing the notion of a product system that takes values in
G. In addition to recovering as product systems the algebraic structures mentioned
above, by considering an abelian group G as a tensor groupoid we also obtain as
a product system every 2-cocycle of the underlying semigroup S that takes values
in G. This suggests that, at least for some tensor groupoids, the set of all product
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systems over a semigroup S should possess a natural binary operation akin to the
multiplication of 2-cocycles in Z2(S;G). At the end of Section [l we show that this
is indeed the case: if G is a tensor groupoid which is symmetric in the sense of [13]
§XTI.1], then one can form the internal tensor product of two product systems over
S that take values in G. The internal tensor product is associative and well-defined
on isomorphism classes of product systems, so these isomorphism classes have the
natural structure of a semigroup; we denote this semigroup H?(S;G). Although
this notation suggests the existence of a cohomology theory, at this point we have
been unable to place product systems in such a framework.

Section Blis devoted to constructing and classifying product systems over right-
angled Artin semigroups; these are semigroups which interpolate between free semi-
groups and free abelian semigroups. For a given right-angled Artin semigroup P
with generating set A, our main result, Theorem [2.1] gives conditions on an A-tuple
(Xa)aca of objects in G that allow one to construct a product system over P whose
fiber over a € A is X,. In Theorem we show that our conditions are neces-
sary, and that every product system over P is obtained by our construction. In
particular our results allow us to construct and classify k-graphs in terms of the co-
ordinate 1-graphs which generate them; see Remark 223, In Proposition [Z8 we use
our parameterization to determine when two product systems over P are isomor-
phic, and in Corollary 22T0 we determine the automorphism group of any product
system over P. We close with a description of the semigroup H?(P;G) when G is a
symmetric tensor groupoid (Proposition ZITl); when G is an abelian group G, this
gives a computation of the second cohomology group H?(P;G) (Corollary ZTZ).

The authors would like to thank the referee for pointing out the connection
between our work and Mac Lane’s. The first author would also like to thank Alex
Kumjian for several helpful discussions on k-graphs.

1. TENSOR GROUPOIDS AND PRODUCT SYSTEMS

Let G be a groupoid, regarded as a small category with inverses. We will write
X € G to denote that X is an object in G, and S € Hom (X1, Xs) or S: X7 — Xo
to denote that S is a morphism from X; to Xo.

We will assume that G is endowed with the structure of a (relaxed) monoidal
category, in the sense of [I3 §VIL.1]. Thus G is part of a sextuple (G, ®, 1¢g, B, A, p)
in which ® is a bifunctor ®: G x G — G, 1g is a distinguished object in G, and B,
A and p are natural isomorphisms

B =Bx, x,,x; : X1 ® (X2 ® X3) — (X1 ® X2) ® X3,
A=Ax:1g®X —- X, and p=px: X®1lg— X,

such that p1, = A, : 1g ® 1g — 1g, and such that the following two diagrams
commute for every X7, X, X3, X4 € G:

(X1 ® X2)® (X3 X4)

BXLXT)V WX&XAL

X1 0 (X2 ® (X3 ® Xy)) (X1 ®X2) ® X3) @ Xy
1®Bx,,x5,X, Bx,,x5,x53®1

X1 @ (X2 ® X3) @ Xy) (X1 ® (X2 ® X3)) @ X4

Bx,X29X3.X4
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and

Bxlylg,Xz
_

X, ® (1g ® X») (X1®1g) ® X

1®)\X2l J{PXI ®1

dx;9x,
R

X1 ® Xo X7 ® Xa.

By the corollaries in Sections VII.1 and VII.2 of [13], the canonical isomorphisms
supplied by these natural isomorphisms allow us to write expressions such as X; ®
-+ ® X}, without bothering to delineate the order in which adjacent factors should
be tensored, and to cancel out any extra factors of 1g. We shall take advantage
of this notational simplification and make only occasional further references to the
natural isomorphisms B, A and p.

We have used the symbol ® for our bifunctor rather than Mac Lane’s more neu-
tral O since our primary motivating examples truly are tensor products (see Exam-
ples[H (2) and (3)). Consequently, we have chosen to expand on Mac Lane’s alter-
native terminology “tensor category” [I3] page 252] and refer to (G, ®, 1g, B, A, p)
(or just G) as a tensor groupoid.

Definition 1.1. Let S be a countable semigroup, and let G be a tensor groupoid.
A product system over S taking values in G is a pair (Y, «) in which Y is a collection
(Ys)ses of objects in G, and « is a collection (as ¢)s tes of isomorphisms oy . Yy ®
Y; — Y such that

(1.1) ars.i(rs @ 1y,)By, v, v, = arst(ly, @ asy) for every r,s,t € S.

If S has an identity e, we require that Y, = 1g, and that, for each s € S, a. s and
o are implemented by Ay, and py,, respectively.

As alluded to above we will henceforth suppress the natural equivalence B. Equa-
tion () then becomes

(1.2) s (s @ 1y,) = ap st(ly, ® o) for every r,s,t € S,

where both sides are regarded as isomorphisms from Y, ® Y; ® Y; to Y, ; we will
write oy s+ for this isomorphism. More generally:

Notation 1.2. If k > 2 and sq,...,s; € S, write a, ..., for the isomorphism
Ys, ® - ®Ys, — Ys s,

obtained by repeatedly applying appropriate isomorphisms «; ; on adjacent factors.
For s € § we define a; := ly,.

A moment’s thought shows that this notation makes sense: for each way of
associating the factorsin Y, ®- - -®Yj, one can apply appropriate isomorphisms o ;
to obtain a morphism with range Y, ..., , and a straightforward inductive argument
using the naturality of B shows that the canonical isomorphisms supplied by B carry
these morphisms into one another.

Definition 1.3. Two product systems (Y, «) and (Z, §) are isomorphic if there is
a collection 1) = (15)ses of isomorphisms 1,: Yy — Z, such that, for every s,t € S,
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the following diagram commutes:

Y, @Y Lt st
ws ®w1J/ J/wst
Bs,t

Z3®Zt —_— Zst-

Remark 1.4. Tt is often useful to not require that the objects of G form a set. Thus
we will sometimes consider structures (G, ®, 1g, B, A, p) in which G is a category, all
of whose morphisms are invertible. This is merely a convenience; for if (Y, ) is a
product system that takes values in such a category G, then (Y, «) takes values in
the tensor groupoid G’ whose objects are all possible tensor products Y, ®---QY5, .

Ezamples 1.5. (1) Let G be an abelian group, considered as the morphisms of
a groupoid G with one object. Since G is abelian, g ® h := gh defines a functor
®: G2 — G, and it is easy to see that this gives G the structure of a tensor groupoid;
the lone object in G is the identity object 1g, and A and p are both the identity
morphism on 1g.

If (Y, «) is a product system over S that takes values in G, then « is a 2-cocycle
on S that takes values in G. Since G has but one object, the map (Y,«a) — «
is a bijection between such product systems and the group Z2(S;G). Moreover,
cocycles are cohomologous if and only if the corresponding product systems are
isomorphic, so there is a canonical bijection between the set of isomorphism classes
of product systems and the cohomology group H?(S;G).

(2) The product systems considered in [3], [4], [8], [5], and [6] can be placed in our
categorical framework. We will follow the convention of the latter three references
and consider product systems over a monoid .S, and write e for the identity element
in S.

Let G be the category whose objects are nontrivial separable complex Hilbert
spaces, and whose morphisms are intertwining unitary isomorphisms. Let ® be the
usual Hilbert space tensor product, let 1g = C, and let B, A and p be the natural
equivalences determined by

(1.3) Bx, x,.x5 (%1 @ (22 @ 23)) = (1 ® x2) ® x3 for x; € X,

Ax(z®x)=zr and px(z®z)=zx

for z € X and z € C.
Given a product system (Y, «) over S that takes values in G, define
E

= |_| {s} x Ys,

ses
define p: E — S by p(s,z) := s, and define multiplication in F by

(s,2)(t,y) == (st, as,e(2,9))
Then F is a product system over S in the sense of [§], and it is easy to see that
this defines a bijective correspondence between (isomorphism classes of) the two
different types of product systems.

We can replace G with a tensor groupoid by limiting the number of objects.
For n > 1 let H, be the Hilbert space C", and let Ho := ¢*(N). Let G’ be
the tensor groupoid whose objects are all possible Hilbert space tensor products
Hp, ®- - ®@Hny, , and whose morphisms are intertwining unitary operators. Exactly
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as above, every product system over S (in the sense of [8]) corresponds to a product
system over S taking values in G'.

(3) The product systems studied in [7] can also be placed in our categorical
framework. Let A be a C*-algebra. A right Hilbert A-module is, roughly speaking,
a right A-module X4 which is endowed with an A-valued inner product. If X 4 is
endowed with a left action of A by adjointable operators, we call X a right-Hilbert
A-A bimodule. (See [15] and [14] for details.)

Let G be the category in which the objects are right-Hilbert A-A bimodules, and,
for objects X,Y € G, Hom(X,Y') is the set of all bimodule isomorphisms X — Y
that preserve the inner product. As a tensoring functor we use the A-balanced
internal tensor product (see [14] for details), and then the bimodule 4 A4 serves as
the identity object 1g. The natural equivalence B is again given by (I.3), and A
and p are determined by Ax(a ®4 x) :=a -2z and px(z ®4a) =x-a for z € X
and a € A. As in the previous example, product systems that take values in this
category correspond to the product systems introduced in [].

(4) Let V be a countable set. We construct a category G as follows. The objects
in G are triples X = (E,rg, sg) in which E is a countable set and rg and sg are
functions £ — V; we think of V and F as the vertices and edges of a directed graph,
with rg and sg the range and source maps. We will write r and s rather than rg
and sg when the domain is clear from context, and we somewhat imprecisely regard
E as an object in G. Elements of Hom(F, E’) are bijections ¢: E — E’ such that
s=sopandr=rogp.

Define

E1 ® Ey :={(f1, f2) € E1 x E> :r(f1) = s(f2)},

with range and source maps

r(fi, f2) :==7r(f2) and s(fi, f2) := s(f1).

Write f1 ® fo for the edge (f1, f2) € E1 ® Es. For ¢ € Hom(E1, E7) and o €
Hom(E», EY), define ¢1 ® v2 € Hom(F; ® Fa, E] ® E}) by

01 @ 2(f1 ® f2) := p1(f1) ® w2(f2).

Then ® is a functor G2 — G. Equation ([.3) again defines a natural isomorphism B
between the functors ® o (idg x®) and ® o (® x idg). We define the identity object
1g to be the triple (V,idy,idy ), and define the natural isomorphisms A and p by
Ae(se(f)® f) = f and pe(f @re(f)) := f forall f € E.

When S is a monoid with no nontrivial idempotents, product systems over S
that take values in this category are related to the k-graphs of Kumjian-Pask [12].
To explain the connection, we first recall the definition of a k-graph. Let A be
(the morphisms of) a countable small category, and consider S as the morphisms
of a small category with one object. A functor d: A — S is said to have the
factorization property if for every A € A and t1,t2 € S with d(\) = t1ta, there are
unique elements A1, Ao € A such that A = A\ A2 and d(A1) = t1, d(A\2) = t2. When
S = NF, such a pair (A, d) is called a k-graph.

Suppose A is the set of morphisms of a small category with object set V', and
suppose d: A — S has the factorization property. We think of (A, d) as a generalized
k-graph. For each t € S, define Y; := d~'(t). With range and source maps the
reverse of those inherited from A (that is, » = dom and s = cod), Y; becomes an
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object in G. For each t1,ty € S, define ay, +,: Y;, ® Yy, — Yi1, by

e, (1 ® f2) == fife for fi €Yy, f2 €Ys,.

We claim that (Y] a) is a product system over S taking values in G.

To begin with, note that ay, 4, € Hom(Y;, ® Y3,,Y;,+,): each such map clearly
preserves the range and source maps, and the factorization property is precisely the
condition needed to ensure that ay, 4, is bijective.

Next we will show that Y, = V', where each v € V is identified with 1, € A. Fix
v € V. Since v is an idempotent so is d(v), and hence d(v) = e; that is, v € Y.
Now fix A\ € Y,. Since e? = e, the factorization property assures us that there are
unique elements Aj, A2 € Y, such that A = AjAa. Since s(A)A = A = Ar(N), we
conclude that A = s(A\) =r(A) € V. Thus Y, = V.

Finally, for each t € S we have

e t(S(A) @A) = s(A)A =X = Ay, (s(A) @ N) for A € Yz,

and similarly oy . is implemented by py,. Thus (Y, ) is a product system over S
taking values in G, as claimed.

Conversely, suppose one is given a product system (Y, «) over S taking values in
g. Let

A= J{t} x V3,

tes

and define dom, cod: A — V by dom(t, f) := r(f) and cod(¢, f) := s(f). Then A
is the set of morphisms of a countable small category with object set V', in which
morphisms are composed according to

(t1, f1)(t2, f2) := (tita, a0, (f1 © f2)).

Defined: A — S by d(t, f) :=t. Then dis a functor, and it satisfies the factorization
property because each ay, ¢, is a bijection.

The procedures outlined above are easily seen to be inverses of one another,
and hence product systems over S taking values in G are essentially the same as
generalized k-graphs.

It should be pointed out that this example can be regarded as a special case of
Example [[CHI (3), as follows. Suppose that (Y, @) is a product system over S taking
values in G. For each t € 5, let X; be the Cuntz-Krieger bimodule associated with
the directed graph Y;, as in [0 Example 1.2]; X; is the completion of C.(Y;) with
respect to a certain norm defined using the range map for Y;. The embeddings
y € Y; — &, € X; induce isomorphisms (3 ;: Xs ® X; — X that make (X, ) into
a product system of right-Hilbert Co(V)-Co(V') bimodules.

Symmetric tensor groupoids. We now discuss tensor groupoids which are sym-
metric in the sense of [13, §XI.1]. Let G be a tensor groupoid and let F': G2 — G2 be
the “flip” functor which interchanges the order of any pair of objects or morphisms
(e.g. F(Xy,X2) = (X2,X1)). Suppose there is a natural equivalence F from ® to
® o F; that is, there is a collection of isomorphisms Fx, x, : X1 ® X2 — X2 ® X3
such that

(S2®851) o Fxy,x, = Fyi,v, © (S1® 52)
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for all X;,Y; € G, and all S; € Hom(X,,Y;). Suppose, furthermore, that for every
X1, Xo, X3 € G, the diagram

Fxq,
X1 @l —% 150 X,

(1.4) leJ, l,\xl

iClX1

X1 X1
commutes, and that the following two identities hold:
(1.5) Fxix, = Fxaxs
and
(1.6) Fx1 x0xs = (Ix, ® Fxy.x5) (Fxy,x, @ 1x,).

Taking inverses in (L6l and using (CH), one also has
(L.7) FX\©X2,Xs = (]:Xl,Xs ®1lx,)(1x, ® ]:X2,X3)'

Following [13] §XI.1], we call a tensor groupoid G that admits a natural equivalence
F with these properties a symmetric tensor groupoid.

One can check that this is consistent with Mac Lane’s definition of a symmetric
monoidal category: our (L) corresponds to [I3, §XI.1 (6)], (IH) corresponds to
[13, §XI.1 (8)], and ([CH) and () correspond to [13, §XI.1 (7)] with the instances
of B suppressed.

Ezamples 1.6. (1) Let G be the tensor groupoid associated with an abelian group
G, as in Examples [L3(1). Then G is a symmetric tensor groupoid: G2 has but
one object, and assigning the identity element of G to this object gives the desired
natural equivalence F.

(2) Let G’ be the tensor groupoid introduced in Examples[[H5(2). For X1, X5 € G,
define Fx, x,: X1 ® Xo — Xo ® X1 by

Fx1.x, (1 @ x2) 1= 22 @ 11 for z; € X;.

Then F is a natural equivalence from ® to ® o F, so G’ is a symmetric tensor
groupoid.

In a symmetric tensor groupoid, one can take tensor products of product systems:

Proposition 1.7. Suppose (Y, a) and (Y', ') are product systems over semigroups
S and S’, respectively, both taking values in a symmetric tensor groupoid G. For
every (s,s') € S x S define

Ziss) =Y @Y,
and for every (s, s'), (t,t') € S x 8" define B, (t,4): Z(s,s) @ Lty — Lisst ey bY
Bis,s iy = (st @ &y ) (Ly, ® Fyr,y, ® lyy).
Then (Z,3) is a product system over S x S’ taking values in G.
Remark 1.8. We call (Z, 8) the external tensor product of (Y, «) and (Y, ).
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Proof. We must show that [ satisfies the associativity condition ([CZ). Suppose
(ry1), (s,8"), (t,t') € S x S’. Then
ﬂ(r,r’),(st,s’t’)(1Z(1,11,/) & B(S,s’),(t,t’))
= (st @ A yy)(ly, @ Fyr, v, @ 1y, )
(Iv,ey), ® st ® oy v)(ly,ey, ey, ® Fy, vy, ® ly,)
(1.8) = (st @ Qs ) (ly, ® Qs @ lyr, @ Ay y1)

(Iy, ® Fyr, viev, @ lyrev, ) (Iv,ev,ev. © Fyr,v, @ lyy,),

whereas
Brsrrsn), (6,6 (B (5,5 @ 12, 1))
= (ars,t ® a;'s',t')(ers ® ]:Kf/s/’“ ® 1Yt")
(ars @ ap o ® ly,avy,)(Ly, @ Fyr, v, ® 1y, av,ev;,)
(19) = (ars,t & a;«’s/,t/)(arvs ® 1Yt ® Oé;“las/ ® 1Yt/’)

(lv,ev. ® Fyrev, v, ® ly, )(ly, ® Fyr, v, @ ly,sviev;,)-

Since o and o each satisfy ([2), the product of the first two factors in (LJ) is
equal to the corresponding product in (I9). Hence it suffices to show that

(Fvy, veov: @ 1y )y ey, ® Fy,v,) = (L, @ Fyrevy, vi) (Fyr, v, ® Ly, gy, )-
By (L4, the left-hand side of this equation is equal to
(Iv, ® Fyr, vi @ 1y, )(Fyr, v, @ yeyy, )Ly, ey, © Fys, v,
and by (7)), the right-hand side is equal to
(Iv. ® Fyr v, ® 1y )(Ivieyy, ® Fy, vi)(Fyr, v, ® lyr,av,)-

These last two expressions are obviously equal, and the proof is complete. O

When S = S’, one can restrict the external tensor product to the diagonal to
obtain another product system over S:

Definition 1.9. Suppose (Y, «) and (Z, 3) are product systems over S taking val-
ues in a symmetric tensor groupoid G. The internal tensor product (Y, o) @ (Z,5)
is the product system (Y ® Z,a ® ) defined by

Y ®2): =Y, ® Zs forse S
and
(@® B)st = (st @ Bst)(ly, @ Fz. v, ®1z,) for s,t € S.

Lemma 1.10. The internal tensor product is associative and well-defined on iso-
morphism classes.
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Proof. Let (Y, «), (Z,0) and (W, ~) be product systems over S taking values in G,
and suppose s,t € S. Making frequent use of (L8 and ([C7), we calculate

(@@ B)@7)st = (@@ B)s;t @ Vs,t)(lvioz, @ Fw. v,z @ lw,)
= (st @ Bt @7s,t) 1y, @ Fz, v, @ 1z,0w.aw,)

(lv.ez.ev: ® Fw.,z, © 1w, )(lv.ez. ® Fw.y, ® lz,ew,)
= (st @ Bt @ 75,0) Ly, oviez, ©® Fw,,z, @ lw,)

(ly, ® Fz, v, @ lw.ez.ow,) 1v,0z. ® Fw.,v, ® lz,ew,)
= (a5t © (B® 7))Ly, ® Fz.ow..v, @ lz,0w,)
=(a®(B®7))s,t-

This gives associativity.

Now suppose that (1s)ses is an isomorphism from (Y, a) to (Y',a’), and that
(ps)ses is an isomorphism from (Z, 3) to (Z',3'). For any s,t € S we have

(Vst @ pst) (@ @ B)s,e
= (st @ pst) (st ® Bst)(ly, @ Fz.v, ®1z,)
= (o, ®BL1) (s @y @ s @ 01)(ly, ® Fz, )y, ®12,)
= (O/s,t ® ﬁg,t)(lY; @Fzy; ® 1Z,{)(¢s ® s @ ® @)
= (& @ B)s,t(ths ® 05 @ Yt ® 1),
50 (s ® ps)ses is an isomorphism from (Y ® Z,a® ) to (Y ® Z’,o/ @ 38'). O

Remark 1.11. Essentially the same proofs show that the external tensor product is
also associative and well-defined on isomorphism classes of product systems.

Motivated by Examples [LH(1), we write Z2(S;G) for the set of product systems
over S taking values in G, and H?(S;G) for the set of isomorphism classes of such
product systems. It follows from the previous lemma that when G is symmetric,
the internal tensor product makes both Z2(S;G) and H?(S;G) into semigroups.

When G is the symmetric tensor groupoid associated with an abelian group G (as
in Examples[[H(1) and [LH(1)), the map (Y, ) € Z%(S;G) — a € Z%(S;G) is an
isomorphism of groups, and descends to an isomorphism from H?(S;G) to H?(S; Q).
In the next section we give an explicit description of H?(S;G) for arbitrary G in
the special case when S is a right-angled Artin semigroup.

2. RIGHT-ANGLED ARTIN SEMIGROUPS

Let T be a (non-directed) graph with countable vertex set A. We will assume
that T' is simple; that is, that I' has no loops (edges from a vertex to itself) or
multiple edges. We write a < b when a,b € A are joined by an edge in T".

Let F 4 be the free group on A, and let *pZ be the graph product of | A| copies of
Z; that is, *rZ is the quotient of F4 by the smallest normal subgroup that contains
the commutators [a,b] for which a < b. (See [10] and [IT] for details.) Since each
of the factors in the graph product is Z, *rZ is a right-angled Artin group. Let
m: F Ao — *pZ be the canonical quotient map.

Consider the homomorphism £: F4 — Z determined by £(a) = 1 for a € A. Since
every commutator [a,b] belongs to the kernel of ¢, we have kerm C ker¢. Thus ¢
descends to a homomorphism *rZ — Z, also denoted ¢, which satisfies ¢(7(a)) = 1
for each a € A. We call £ the length function.
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Let F: be the subsemigroup of F 4 generated by A. Each element p € F: can
be uniquely written as a word in the alphabet A; we denote by s, the i*" element
of this word, so that p = g1 -+ peey With py, ..., g € A.

Let P be the subsemigroup of *rZ which is the image of Iﬁ‘j under the quotient
map 7. We call P a right-angled Artin semigroup. It is worth bearing in mind
the following extreme cases: if I' has no edges, then P is the free semigroup Fz,
whereas if I is the complete graph on A, then P is free abelian.

The remainder of this note is devoted to constructing and classifying product
systems over P. Our analysis makes use of a specific section : P — F: of the
quotient map 7, called the preferred section. To define it, we fix once and for all a
well-ordering of the vertex set A. (Since A is countable, this does not require the
Axiom of Choice: one can simply enumerate the elements of A.) The section § is
defined recursively, starting with d(7(a)) := a for each a € A. Suppose ¢ has been
defined on all words of length at most k for some k > 1. Fix ¢t € P of length k + 1,
and use the well-ordering of A to define

a:=min{u; : p € F, 7(n) = t}.
Choose any u € Fj such that w(u) =t and py = a, and express g = pyp’. Then
t’ := w(y') is independent of the choice of p and has length k, and we define
5(t) = ad(t').
Now suppose G is a tensor groupoid. For our first theorem, fix a collection
(Xa)aca of objects in G, and define

XM ;:XM®...®X

Write 1,, for the identity morphism on X,,.
Suppose T' = (Ty5)ab 18 a collection of isomorphisms

Ta,b: Xe®Xp — Xp® X,

Jr
Lot for p € F7.

such that
(2.1) T} =Tha whenever a < b,

and, whenever a, b and ¢ form the vertices of a triangle in T" (i.e., whenever a < b,
b« c and ¢ < a), the following hexagonal equation is satisfied:

(22) (Tb,c ® ]-a)(]-b ® Ta,c)(Ta,b ® ]-c) = (]-c ® Ta,b)(Ta,c ® ]-b)(]-a & Tb,c)~

(Both sides of this equation are isomorphisms X, ® X, ® X, — X. ® X}, ® X,.)
Our first theorem asserts that such a collection T is all that is necessary to
construct a product system over P.

Theorem 2.1. Fiz a well-ordering of A, and let §: P — Fj be the corresponding
preferred section of the quotient map m: IFX — P. Then there is a unique product
system (Y,a) = (YT, al') over P taking values in the tensor groupoid G such that

(2.3) Y = X5 for every t € P,
(2.4) ast = ls(st) if 6(st) = 6(s)d(t), and
(25) Ar(a),m(b) = Ta,b ifa<— banda>b.

Our second theorem asserts that, up to isomorphism, this construction gives all
possible product systems over P. It also implies that the well-ordering used in
Theorem [ZT] does not affect the isomorphism class of the resulting product system.
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Theorem 2.2. Suppose (Z,[3) is a product system over P which takes values in
the tensor groupoid G. Define

(2.6) Xa = Zr(a) forae A
and
(2.7) Top = 6;&3)’#((1)67,(@7#(;,) for every a,b € A such that a < b.

Then the collection (Top)aep satisfies 1) and 2). Moreover, the correspond-
ing product system (YT, aT) given by Theorem [21] is isomorphic to (Z,[3) via an
isomorphism (1s)scp such that, for each a € A, V(4 is the identity morphism on
Zﬂ.(a).

Notice that if a < b, then 7(a)7(b) = 7(b)7(a), and the isomorphisms By (q),(s)
and (), x(a) €ach have range Zr () (). Thus the equation (ZT) used to define 75,
makes sense.

Remark 2.3. Before proving these theorems, we give an application to the k-graphs
of Kumjian and Pask. Resume the notation of Examples [CH(4). Let d: A — N*
be a k-graph, and let V := d~1(0) be the set of objects in A. For each t € N¥,
Y, := d~1(t) is the edge set of a directed graph with vertex set V; the range and
source maps are the reverse of those inherited from A. Moreover, since d satisfies
the factorization property, for every t1,t2 € N¥ the map ay, 1,1 Yz, ® Yy, — Yiy 41,
defined by ¢, 1, (f1 ® f2) = fif2 is an isomorphism; composing with a;;tl we see
that Y, ® Y3, and Y;, ® Y3, are isomorphic.

Given a collection E1, ..., Ejy of countable directed graphs, each with vertex
set V', which satisfy

E;®E;=E;®FE;  forl<i,j<k,

one might thus ask if there is a k-graph d: A — N¥ such that d~!(e;) is isomorphic
to E; for each i. (Here {e; : 1 < i < k} is the canonical basis for N¥.) In
[12, Section 6], Kumjian and Pask observed that, when k£ = 2, any isomorphism
0: B> ® E1 — E; ® E5 can be used to construct such a 2-graph. Roughly, the idea
is this. For each t € N? let

Ey = Ef" @ ES"

with the usual range and source maps, and define A := | |, .y« F;. One can use 0
in the obvious way to construct isomorphisms E, ® E; — E,,; for every s,t € N2,
and the resulting binary operation on A makes it a small category with object set
V. With d: A — N* defined by d(f) :=t for f € E;, (A,d) is a k-graph.

When k& > 3, things are more complicated. For each pair (i,7) with 1 < i <
j < k, fix an isomorphism E; ® F; — E; ® E;. Somewhat imprecisely, we write
f®gr— g ® f for each of these isomorphisms, and we also write ¢ ® f — f' ® ¢’
for the inverse maps E; ® E; — E; ® E;. Taking A = {1,...,k} with its usual
ordering, Theorems 2.1 and [2.2] say that the analogue of the construction of 2-
graphs outlined above yields a k-graph if and only if the following condition holds:
whenever 1 <17 < j < <k, the composite map

f®g®h'_)f®h/®g/’_>h/l®fl®gl'_)hl/®g//®fl/
— g/l/ ® h,/, ® f// — g/// ® f/l/ ® h,/,/ — fll// ® gl/l/ ® h,/,/

is the identity on F; ® E; ® EF;. Moreover, up to isomorphism, every k-graph arises
in this manner.

(2.8)
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Condition (ZJ) holds vacuously when k& = 2, thus reproducing the result of
Kumjian and Pask. It also holds when the vertex matrices M; of the directed
graphs E; satisfy Robertson and Steger’s conditions (H0), (H1a), (H1b) and (H1c)
from [I6]; that is, if the M;’s are pairwise commuting {0, 1}-matrices such M;M;
is a {0, 1}-matrix whenever ¢ < j, and M;M;M; is a {0, 1}-matrix whenever i <
7 < l. This is easy to see: under these conditions there are unique isomorphisms
E;®FE; — E;®E;, and (2.8)) holds since the identity map is the only automorphism
of EiQE;QFE;. See [12| Examples 1.7] for a more direct translation of the Robertson-
Steger conditions into k-graphs.

Note that our result holds for both finite and infinite k£, and that one can replace
NF with an arbitrary right-angled Artin semigroup to obtain a more general result.

To prove Theorems [Tl and 22, we need a few preliminary results. First some
notation and terminology. Define an action of the symmetric group Sj on the words
of length & in IFjg by

O = flg=1(1) - - - Ho—1 (k) for o € Sy, p € Y, () = k.

For 1 <14 < k—1, let 7; € Sk be the transposition (i, + 1); we shall omit the
dependence on k, but this should not cause any confusion.

We call 7; an allowable transposition for p if p; < piy1. Note that since I' has
no loops, 7; is not an allowable transposition for 4 when p; = p;41. We call o € Sy,
an allowable permutation for p if it can be written as a product 7;, - --7;, in which
7i; is an allowable transposition for 7;,_, - -7, u for each j.

Lemma 2.4. Let o and p be allowable permutations for u. Then:
(1) w(op) = m(p).
(2) If i < j and p; ¥ u;, then o(i) < o(j).
(3) If o = pp, then o = p.

Proof. The first assertion follows immediately from the graph product relations
upon writing o as a product of allowable transpositions. For (2), suppose i < j
and p; # pj. Since the result is obvious for the identity permutation, we may
inductively assume that ¢ = 7k, where k is an allowable permutation for p such
that k(7) < k(j) and 7; is an allowable transposition for ku. Since 7; is allowable,
we have (kp); < (Ki)iy1; that is, pe—1y < pe-141). Since p; ¢ pj, this implies
that either k(i) # [ or k(j) # 1 + 1. From the assumption that (i) < x(j) we can
thus deduce that 7x(i) < 7k(j), and hence o(i) < o(j).

(3) First suppose ou = p. We claim that o is the identity permutation. If not,
then there exists ¢ such that i < o(i). From op = p we deduce that jomy =
Hom+1(s), and hence piym ;) #+ pgm+1(;), for every m. Repeated applications of (2)
yield the contradiction

i <o(i) <o(i) <a®(i) < -

Now suppose ot = pp. Then p~lo is an allowable permutation for p such that

p~lop = p, and hence o = p. O
We now make use of a result from [I0], which, when formulated in the language
we have developed, states that if two elements of F: have the same image under the
quotient map m, then they are connected by a sequence of allowable transpositions;
i.e., one is obtainable from the other by an allowable permutation. (See also [L1].)
Hence for each p € F: there is an allowable permutation ¢ for p such that op =
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d(m(p)). By part (3) of the previous lemma, the permutation ¢ is unique. Thus we
define:

Definition 2.5. For each u € IFjg, let o, be the unique allowable permutation for
p such that o, pu = 6(m(p)).

For each permutation o let
o) == |{(i,j) +i < j and o(i) > o(j)}],
the number of inversions in o.

Lemma 2.6. Let p € Fz.
(1) If p is an allowable permutation for u, then o,, = o,p* .
(2) If ou(i) > 0u(i + 1), then o(or,,) = t(o,) — 1 and p; < pit1.

Proof. (1) By Lemma[24[1) we have
oup=06(m(p) = d(m(pp)) = opulpp).

Since o,,p is an allowable permutation for p, (1) now follows from part (3) of
Lemma 2741

The assumption o,,(¢) > 0, (i + 1) implies that ¢(c,7;) = t(o,) — 1. The first
conclusion of (2) now follows from (1), and the second is an immediate consequence
of Lemma Z4)(2). O

The following proposition is our main technical result.
Proposition 2.7. Let T = (T 4)awp be a family of isomorphisms
Top: Xa®@ Xy — Xp ® X,

which satisfies 1) and 22). Fiz a well-ordering of the vertex set A and let
0: P — Iﬁ‘j be the corresponding preferred section. Then there is a unique family
(UH)ME]FX of isomorphisms U, : X, — Xs(x(u)) which satisfies

(29) V=1, i oe(u) =
and
(2.10) U,=U.;,T! whenever ; < [liy1,

where T} is the isomorphism
1#1 K- ® 1/11'71 ® TM,MJA ® 1m+2 K ® 111«16(,0 : XM - X‘FL‘P«'
For this family, we have
(2.11) Utg(ﬂ.(“))y(UH & 1u) = Upu = UM5(7F(V))(1H & Ul,) for all p,v e Fj

pert - 1 t(u) = 0, define

U, :=1,. Now let k& > 0, and suppose that we have defined U, for every u € IF:Z
such that ¢(0,) < k. Fix u € F}; such that t(0,) = k + 1, and let

j=min{l:0,(l) >0, (l+1)}.

By Lemma [Z6(2) we have v(0r,,) = t(0,) — 1 = k (so that U, is defined) and
fj < 1 (so that T} is defined), so we can define U, recursively by

U, := UTJ.HT]”.

Proof. We begin by recursively defining the family (U,)
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If 6(m(1)) = p, then t(o,) = 0, so (ZZU)) holds by definition of U,,. We claim that
(2.12) U,=U,;,T!"  whenever c,(i) > o,(i +1);
again we remark that, by Lemma 2.6(2), the condition 0,,(¢) > 0,(i + 1) ensures
that T/ is defined. Before verifying ([2:12)), let us show how it implies (2.10). For

this, it suffices to show that (2.10) holds whenever p; <> p;y1 and 0,,(4) < o, (i+1).
Using Lemma [2Z.6[(1), we compute that

Orp(i) = 0umi(i) = 0u(i +1) > 0p(i) = 0p7i(i + 1) = 07 (i + 1)
Hence we may apply @I2) to 7;u to deduce that
U—riu — Uﬂjﬁ/é‘l’i/"'.
Composing both sides on the right with (7} **)~! = T/ gives [2.10).

We will verify (ZI2) by induction on ¢(o,). If (o) = 0, then o, = id, and [ZI2)
holds vacuously. Let k£ > 1, and suppose inductively that (2I2) holds whenever
(o) < k—1. Fix p € F}; with «(0,) = k, and suppose i € {1,...,¢(u) — 1} is such
that 0,(i) > 0,(i +1). Let

j=min{l:0,(l) >0o,(+1)},
so that by definition U, = U, MT;‘ . Then 5 <, and we consider three cases.
Case 1: i = j. Then U, = U,,, T holds by definition of U,.
Case 2: 1 > j + 2.

By Lemma [Z8)2) we have ¢(0,,) = k — 1, and using Lemma [Z6[1) we check
that

Oru(f) = outi(j) = 0u(j) > 0u(i +1) =0uri(j +1) = 0r,u(j +1).
Hence we may apply to 7;u to obtain

— Tilk
Uri = Ury i TT

Similarly,
Uryp = Urr,uT,"
Since ¢ > j + 2 we have 7;7;, = 7;7;. Moreover, with v (= py---pj—1, A =
itz i1 and 0 := pigo - pug(y), we have
T7TE = (1 © Lygpap © 10 ® Ty pgen © 10) (1o © T uigs ® 1n ® Ly © Lo)

= (1V & TM,M+1 RLy® 1Mj+1uj ® 19)(111 & 1MM+1 RLy® TMj»MH & 19)
— @TJHTJH,

Thus

U, =Us, quL = UTiTjHETjHT]H = Uy, HTJ-T"'”Ti” =U,, TV,
as required.
Case 3: 1 =75+ 1.

Lemma [Z8(2) gives ¢(0r,,) = k — 1, and, since 0,,(j) > 0,(j +1) > 0,(j +2),
we can use Lemma [Z6[(1) to check that
(2.13) U‘rju(j+1):UuTj(j+1):Uu(j)

' > 0u(j +2) = 07 +2) = 00 (i + 2)-
Hence we may apply ([ZI2) to 7,1 to obtain

_ ik
Ui = Urjmin T30
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By Lemma [Z6)(2), (ZI3) also implies that t(or,,,r;) = t(or,) —1 = k — 2, and
using Lemma [Z6(1) we check that
Oryiarinld) = 0uTiTir1(4) = 0u(i + 1)
> Uﬂ(j + 2) = UuTjTjJrl(j + 1) = UTj+lTjM(j + 1)
Hence we may apply 2.12) to 74174 to obtain

Urjyrrsn = Urgrgamgu Ty 0
Thus
Uy =Ur, T}
(2.14) = UTHITMT;jﬁTf
= UTﬂH1TjMTJTj+1TjHTJTiqTJH'

Since 0,(j) > 0,(j +1) > 0,(j + 2), Lemma Z6(2) implies that p;, ;11 and
tj+2 form the vertices of a triangle in I'. Using expansions such as

TJH =10 @ (Tyy 1 © 1pyyps) ® 1o,
(where v := pu1 - prj—1 and 6 := pjy3- - - pg(y)), the hexagonal equation (2.2)) gives

TiH1TiRp Tk rpe _ (T Ti+1 R rp T+ 1 ot
L Ty =Ty T T

Using this and 757117 = 7j417;7j41 in (ZI4) gives

— TiTi+1HaTj+1
(2.15) Up = Usypmyrypan T TP ETE,

As above, one now verifies that v(or,,,,) =k —1and o7, ,(j) > 07, (5 +1),
from which (Z12)) gives

— Ti+1H
Urjpin = Urjryn T :

One then verifies that «(0r;7,,,4) = k—2, and that 07,7, ,,(j+1) > 077, 0 (5 +2),
from which (212)) gives

— TiTj+1H
UT]'TJHM - UTj+lTjTj+1uTj+1 :

Combining these last two equations with (ZTH) gives

_ TiTi+ 1T+ 1M
UM - UTj+lTjTj+1uTj+1 Tj Tj+1

_ Ti+1Hrpp

- UTJ'THmTj Tj+1

_ I

- UTj+1HTj+1'

This concludes Case 3, and the proof of (ZI2) is complete.

For uniqueness, suppose (V) peF is a different family of isomorphisms V},: X,, —
X5(n(u)) which satisfies (2:9) and (2:10). Choose p with ¢(o,,) minimal such that
U, # V,. Since both collections satisfy ([2.9) we have t(o,) > 1, and hence there
exists ¢ with o, (i) > 0,(i + 1). By Lemma [2:6[2) we have t(o-,,) < ¢(o,), so by
minimality U;,, = V,,,. Using (2:10) we obtain the contradiction

Up = UrT} = VT = V.

Thus the collection is unique.
We now verify (ZI1]). We will prove that

(2.16) U(s(TK‘(/J,))V(U/J ®1,)=Uu for all u,v € Fj;
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the proof of the other half of (ZI1]) proceeds in a similar fashion. We verify (Z10)
by induction on ¢(o,). If ¢(o,) = 0, then 6(7(n)) = p, and
Utg(ﬂ(“))y(UH ® 1,,) = UHV(lu & 11/) = Uul/-

Suppose inductively that (ZI6) holds whenever i(0,) < k — 1. Let v € F}; be
arbitrary, and fix p € F satisfying ¢(0,,) = k. Since k > 1, there exists i such that
0,(i) > o,(t + 1), and Lemma Z6(2) gives t(0r,,) = k — 1 and p; < pi41. The
inductive hypothesis gives that

(2.17) Us(r (i (Urip @ 10) = Utripayor-

Since 7(m;p) = 7(p),

Us(r(upw (U @ 1) = Us(r(rimyyn (Urpn T} @ 1) (by 210)
= Us(r(rapy (Urip @ L)(TF ® 1,)
= U(Tm)u(Tiu ®1,) (by 217)
= Tz‘(ul’)TiﬂV

= U (by 2.10),

and the proof is complete by induction. O

Proof of Theorem [2.1 We begin by proving the existence of a product system (Y, «)
which satisfies the conditions of the theorem. The collection Y is determined by
B3). Let (UN)ME]FX be the family of isomorphisms U, : X;, — Xs(r(,)) given by
Proposition 27 If s,t € P, then Y; ® Y; = X(;(S) ® X(S(t) = X&(s)é(t) and Yy =
Xs(sty = Xs(n(5(s)5(t)))> S0 we can define a5 41 Y5 ® Yy — Y by

ast = Us()st)-
To see that (Y, «) satisfies the associativity condition (I.2), suppose r,s,t € P.
Setting p = 6(r)d(s) and v = §(¢) in the first part of [211) gives
s t(rs @ 1y,) = Usr)se) (Usrysis) @ L)) = Usiryss)s(e)s
and setting p = d(r) and v = §(s)d(t) in the second part of ([ZI1)) gives

arst(ly, ® ast) = Usirysist) Loy @ Usesys)) = Usiryss)se) -
Thus (T2) holds, and (Y, @) is a product system.

To check (2.4), suppose d(st) = 6(s)d(t). By ([23) we have Us(s) = 1lg(st), and
hence

ast = Ussysr)y = Us(st) = Ls(st)s

giving (Z4). For (Z3l), suppose a,b € A satisfy a < b and a > b. Then a(q),~(s)
Us(x(a))s(r(6)) = Uab = UpaTa b, where the last equality is by (ZI0). But 6(7(ba))
ba, so by (Z9) we have Upq = 1pq, and hence o (q) =) = Tu,p, as required.

For uniqueness, we first establish that

(2.18) sy s = Us(sy)--6(s1) forall k > 1 and sq,...,s, € P.
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(See Notation [2.) This equation holds by definition when k& < 2, so suppose
inductively that it holds for some k > 2. Let s1,..., k41 € P. Then

ein) (associativity of «)

= Us(sy51)5(su31) (Us(s1)--6(s0) @ L6(srs1)) (induction)

= Us(s1)-6(sns1)s
with the last equality following from (ZITl) by setting p = 6(s1)---d(sx) and v =
0(sk+1). Hence (2I3) holds for k + 1, and inductively for all k.

Now suppose (Y, 3) is another product system over P which satisfies (Z3)), (Z4)
and (2.5). Define

Asy,yspp1 = Xsyosp,sp41 (asla---7sk ® 1y,

V= Bﬂ(m)wwﬂ(w(m) for e FX

Then V,, is an isomorphism from Y (,,) ® -+ ® Yr(,,) to Yr(,, or, equivalently,
from X, to Xs(x(u))- We claim that (V) F} is the unique family of isomorphisms
given by Proposition 2711

We begin by verifying [29). Suppose d(m(n)) = p. If £(u) = 1, then V,, =
1, by definition. Suppose inductively that V,, = 1, whenever 6(r(u)) = p and
{(u) < k for some k > 1. Fix u € F} such that d(m(p)) = p and (u) = k + 1.
Express u = pyv. By definition of 6(7(p)) we have d(m(p)) = p1d(m(v)), and since
d(m(p)) = p = prv, we deduce that §(w(v)) = v. Since

§(m(p1))o(w(v)) = pav = p = 6(w(p)) = 6(m(p1)m(v)),
[2.4)) gives that Br(,,),x(v) = 1, By induction we also have V,, = 1,, so
Vie = Ba(u) ) () © Vi) = 1,

ne

as required.
We now verify (ZI0). First suppose that a,b € A satisfy a < b. Then
Top ifa>b
Va = T T = ’

SO
VuTho — {L,a %f a>b
’ Tyo ifa<bd
= Vba.
Now suppose @ € Fj and p; <> piy1. Express p = vy ;160 with v, 0 € FX. Then
VedT! = V(Lo @ Ty gy ® 19)
= ﬂﬂ(u)m(uwlm)m(@)(vv ® Vm+1m ® Vo) (1, ® Toipin ® 1g)
= Brw)mwuinis ) m (@) (Vo @ Vi @ Vo)

= VM?
giving (Z10).
By the uniqueness assertion of Proposition 2.7, we have V., = U, for every
p € F, which, together with ([ZI8), gives
() o (ir) = Br(pua)soom(uy)  fOT every pu € F.

Now suppose s,t € P. Let k :=£(s), | := £(t), p:= 0(s), and v := §(t). Then

st (O (pan) ooy () @ Qor(vr) oot (1)) = () ooy ()7 (01 ooy (1)
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and

ﬁs,t(ﬁﬂ(ul),...,ﬂ'(uk) ® ﬁﬂ‘(lll),.“,ﬂ'(l/l)) = Bﬂ(/},l),...,ﬂ(uk),ﬂ(ul),...,ﬂ'(lll)a
from which we deduce that a5 = §s¢. Thus (Y, ) is the unique product system

over P which satisfies (]2,_3[), 24) and E35). O

Proof of Theorem [ZZ2 1t is obvious that (Z1I) holds for the family (T, 5)qs defined
by (). To verify the hexagonal equation (22)), suppose a, b and ¢ are the vertices
of a triangle in I'. We will show that the following equivalent version of (22 is
satisfied:

(Tra ®@1e)(1p @ Tea)(Tep @ 1a)(1e @ Tap)(Ta,e @ 1) (1o @ Tp,e) = Lase-
The left-hand side of this equation is
(Bray = (o) ® 1) (Br (o) m(a) © 1e) (16 @ B gy
By m(e) ® La) Br(e)n(ey © La)(Le ® By r(a))(Le ® Br(a),m(s)
(Brey (@) © 16) (Br(ay.m(e) © 16)(La ® Bty riny) (La @ By m(e))s
which by five applications of ([L2) simplifies to

() (16 ® Br(c).(a))

-1
(671'(0,) 7 (b) ®1 )ﬂﬂ(ba W(C)Bﬂ'(b) 71'(CLC)ﬂﬂ(b ﬂ(ca)ﬂﬂ'(bc)»ﬂ'(a)ﬁ (eb),m ﬂw(c),ﬂ'(ba)
Bre) n(ab) Pr(ea). (1) Br(ac) ety () (et (1o © 57r<b>,w<c>)-
Since 7(ab) = w(ba), w(bc) = 7(cb) and 7(ca) = w(ac), this in turn collapses to
- -1
(Bw(a) 2(0) @ L) B (ab) n(e)Pr(a)im(be) (La @ Br(b),n(e))s

which by one last application of (I.2)) is the identity morphism on X, as required.

Let (Y, a) be the product system (YT, o) associated with this collection T'; that
is, Yy 1= Xj(5) and as s = Us(s)s(), Where (UH)HEFX is the family of isomorphisms
Uu: Xy — Xs(n(u)) given by Proposition 271 We will define an isomorphism 1)
from (Y, ) to (Z,5). Fix s € P, let pn:= 6(s), and let k := £(p). Then

Yo = Xo(s) = Xy @ - @ Xy = Zr(uy) @+ © Zn (),

S0

ws = ﬁﬂ'(p,l),.“,w(p,k)

is an isomorphism from Y to Zr(,) = Zs. It remains only to show that

Qs t
Ys & Y;f ? st

Ys Qe l lwst

Zo® 2y 2 7,

commutes for every s,t € P. Let = (s) as above, let v = 6(¢), and let [ := £(v).
Since asr = Uy and Bs¢(Ys @ 1) = Bruy),...ow(un)sw(vr),...om(mn)» it suffices to show
that
(219) 677(91),___777(9m) = 1/)71.(9)[]9 for every 0=6,---0,, € IF:Z

We will establish this equation by induction on (o). If t(0g) = 0, then 6(7(6)) =
6, and ([2.9) gives Uy = 1g. Since 6(m(6)) = 0, (219) is then immediate from the
definition of (). Suppose inductively that (2.19) holds whenever «(og) < k
for some k > 0, and fix 0 € F: with ¢(og) = k + 1. There exists 7 such that
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0¢(i) > og(i+1), and Lemmal[Z6l2) gives that §; <> 0,41 and t(0,9) = t(op)—1 = k.
By (ZI0) and induction we thus have
(2.20) Gr@)Us = V() Uri6T{ = Br(0r),...m(0s52) m(60).m(0) T7 -

To further simplify the right-hand side of this equation, let p := 61 ---60;_1, let
v := 0,490, and observe that

Br(01),.e(8i51),7(8:).osm (O
= Br(u)m(0:+10.),m() (Br(01),cm(05-1) @ Bre(0,:1),m(0:) @ Pr(Bis2),..m(0))
and
,T'L'e = 1# ® TeinH»l ®1,.

By the definition of Ty, 9,,, we have

i+1
Bre(:41),m(0) 1050041 = Br(0.),m(6:41)
so equation (Z20) simplies to
V@ Us = Br(n),r(8:0151)0) Br(61),.ow(0i—1) @ Br(0:),7(0:51) @ Br(6sr2),.mw(6m))
= Br(01),.(0m)-
This completes the induction, and hence the proof of the theorem. [l
Proposition 2.8. Suppose (Y,«) and (Z,3) are product systems over the right-

angled Artin semigroup P which take values in the tensor groupoid G. If ¢ =
(Vs)sep is an isomorphism from (Y, @) to (Z,3), then defining

(2.21) Yo = Vr(a) foraec A
gives a collection ¥ := (Vq)aca of isomorphisms 0q: Yr(q) — Zr(q) which satisfies

—1 —1
(2.22) (¥ © ﬁa)aw(b),w(a)aw(a)m(b) = Bre(b),m(a)Br(a).m(b) (Vo @ )

for every a,b € A such that a < b. Moreover, given any such collection 1, there is
a unique isomorphism : (Y,a) — (Z,3) such that 1) = 94 for every a € A.

Remark 2.9. If T has no edges, then P is the free semigroup Fj, and Theorem 271

associates a product system to each collection (X,)qeca of objects in G. Since condi-

tion (2:22)) is then vacuous, Proposition[2-8 implies that the A-tuple of isomorphism

classes of the X,’s is a complete isomorphism invariant for product systems over
+

F.

Proof of Proposition[2.8. Suppose 1 = (1)s)sep is an isomorphism from (Y, @) to

(Z, B); that is, 1, is an isomorphism Y; — Z5, and

’LpstOé&t = Bs,t(ws 39 wt) for all S,t c P.
Applying this equation with s = 7(a) and ¢t = 7(b) gives
—1 —1
B () 7(a) (@), w(6) Wm(a) ® V() = By m(a) (@) m(v) () m(b):
and applying it with s = 7(b) and t = 7(a) gives
-1 -1
(Ur(6) @ Vr(a)) ¥ (1) r(a) X (@) () = Br(py m(a) V(b m(a) Y a) m(b) -
Since m(a)w(b) = w(b)m(a), this shows that (Z22) holds for the collection ¥ defined
by (ZZI).
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Conversely, suppose we have a collection ¥ = (¥4)aca of isomorphisms U4 : Yz (4)
— Z(a) Which satisfies (Z22). Define

Wo:=Yr@ and X, := Zpq) forae A
and, for every a,b € A such that a < b, define
Sab = a;(lb)m(a)aﬂ(a)m(b) W @ Wy — Wy, @ W,
and
Tap = 5;(1),7,(@577(@,#(1)) X, ® Xy — X ® X,

By Theorem 22 the collections S = (Sqp)aep and T = (T p)aeb satisfy equa-
tions (ZI) and (22)), and the product systems (Y, «) and (Z, 3) are isomorphic to
(Y5, a%) and (YT, a”), respectively, via isomorphisms which are the identity on
the fibers over w(a) for a € A. Hence it suffices to construct an isomorphism
from (Y9,a%) to (YT, a™) such that ¢ (,) =3, for every a € A.

We begin by observing that, for each a € A, ¥, is an isomorphism W, — X,
and that the hypothesis ([2:22) can be rewritten as

(2.23) (9 @ ¥a)Sap = Tap(Pa @ Dp) whenever a < b.
Define
Dy =0, @ @y, Wy — Xy for € F,
and
Vs 1= Vs(s) for s € P.
Then v := (¢5)sep is a collection of isomorphisms 1s: Y;° — Y.I'. We claim that

(2.24) wstait = azt(ws ® ) for s,t € P

is satisfied, so that ¢ is an isomorphism of product systems.
Let (UH)ME]FX and (V“)MEFX be the families of isomorphisms

Ut Xy = Xo(r(yy  and - Vi: Wi = Wi(m(u))
given by Proposition 2.7, so that
Oéit = ‘/:;(5)5(,5) and Oég:t = U(;(S)g(t) for s,t € P.
The equation (Z:24)) which we aim to verify can then be rewritten as
V5st) Vs(s)st) = Us(s)s(t)Vs(s)s(t) for all s,t € P,
so it suffices to show that
(2.25) 1950,(“))‘/” =U,.9, for all € Fjg

We establish this by induction on ¢(0,). If «(o,) = 0, then d(7(u)) = p, and the
equation holds by (ZJ). Suppose (220) is satisfied whenever «(c,) < k — 1 for
some k > 1. Fix p € F: with ¢(0,) = k. Since k > 1, there exists ¢ such that
ou(1) > ou(i + 1), and by Lemma 2.6(2) we have ¢(0+,,) = t(0,) —1 =k —1 and
i < pir1. By (2I0) and induction,

(2.26) 195(71‘(;4,))‘/}14 = ﬁé(w(riu))vnu‘sﬁ” = Unu'ﬂnus’f-

Express p = vp;pip16 with v, 0 € IFjg. Using expansions such as
7977:u =17, ® wm+1 ® 79;%) ® Vg
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and
Sf’ =1L ® Sumuwl ® 1,
it is easy to see that equation (Z23) gives ¥.,,S!' = T/'?,. Using this in (Z26) and
applying (ZI0) gives
Vs () Vie = Urin0ripuSi = Uri T} = Uy,
thus establishing (2:25). O

Using Proposition 2.8 it is easy to characterize the automorphism group of a
product system over P.

Corollary 2.10. Suppose (Y,«) is a product system over the right-angled Artin
semigroup P which takes values in the tensor groupoid G. Then the automorphism
group of (Y, a) is isomorphic to the subgroup of || Aut Yy (o) consisting of those
A-tuples (94)aca which satisfy

a€A

—1 -1
(), n(v)(Pa @ D) (o) iy = Qrv),m(@) (Po @ Va)or g -0
whenever a < b.

The semigroup H?(P;G). Let G be a symmetric tensor groupoid. We now de-
scribe the structure of the semigroup H?(P;G) in terms of the collections T =
(Tuap)ab used in Theorem 211 to construct product systems (Y7, a”). Consider
the composite map

T (YT,a") e Z2(P;G) = [(YT,aT)] € H*(P;G).

By Theorem [2.2] this map is surjective and does not depend on the choice of well-
ordering of the vertex set A. The following proposition describes the equivalence
relation required on the domain to make the map bijective, and then describes the
binary operation on the domain which corresponds to multiplication in H?(P;G).

Proposition 2.11. Let (Wy)aeca and (Xa)aca be collections of objects in G, and
let S = (Sap)act and T = (Typ)acb be collections of isomorphisms

Sa’bZWa®Wb—>Wb®Wa and Ta7bZXa®Xb—>Xb®Xa

which satisfy conditions ZI) and Z2). Then [(Y¥,a%)] = [(YT,aT)] as ele-
ments of H*(P;G) if and only if there exists a collection (94)aca of isomorphisms
Yo: Wy — X, which satisfies

(2.27) (9 ® V) Sap = Ta,p(Vq @ Ip) whenever a < b.
Moreover, multiplication in H?(P;G) is given by
(Y2, a”)[(YT, a")] = (YT, a7,
where ((S @ T)ap)awb is the collection of isomorphisms
(ST)ap: We®Xa) @ (Wp ® Xp) — (W @ Xp) @ (We ® Xa)
defined by
(S®T)ap = (1w, @ Fw,,x, @ 1x,)(Sap @ Tap)(lw, @ Fx,w, ® 1x,).
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Proof. Since (az(b),ﬂ(a))*laz(a)m(b) = T, whenever a < b, the first assertion
follows immediately from Proposition [Z.8 For the second, first recall that multi-
plication in H2(P;G) is given by the internal tensor product (Definition [CH), so
that

(V5o T, oM =[(Y 2 YT, a® @a”)].
We claim that
(2.28) (S@T)ap=(a®® aT);(lb),ﬂ'(a) (0% ® a")r(a). )
whenever a < b. This will complete the proof, since it then follows from The-
orem that the collection ((S ® T')qp)awb satisfies (ZI) and (22), and that
(Y527 59T is isomorphic to (Y* @ YT, a® @ aT).
To establish (Z28), first observe that if a < b, then
(@2 4) @) @ Orpyma) (5 a) m(t) @ Un(a) m(v)
— (S -1_8 T —1,.T
= ((aw(b),w(a)) Q2 a),m(b) @ (aw(b),w(a)) aw(a),ﬂ'(b))
= Sa,b ® Ta,b-
Using this and Definition [[.9 we thus have
(aS ® aT);(lb),W(a)(aS ® aT)w(a),w(b)
= (Iw, ® Fx,,w, ® 1Xa)71(a£(b),w(a) ® arym(a)
(5 0y 7 (5) @ Coray () (AW © Fxyw, @ 1x,)
= (lw, ® Fw,,x, @ 1x,)(Sap @ Tap)(lw, © Fx,.w, ® 1x,)
= (S & T)a,ba

giving (2.:28). O

As a corollary we calculate H?(P; Q) for an arbitrary abelian group G. For this,
let E be the set of edges in I', and, when a < b, write e, ; for the edge between a
and b. Note that e, = €p 4.

Corollary 2.12. Fiz a well-ordering of A, and let§: P — IE"X be the corresponding
preferred section. Then for each function f: E — G, there is a unique 2-cocycle
of € Z%(P;G) which satisfies

(2.29) al,=1g  if 8(st) = 8(s)d(t)
and
(2.30) ai(a)m(b) = f(eap) ifa<—banda>b.

The resulting map f — [af] is an isomorphism from [lcp G to H?(P; Q).

Proof. Let G be the tensor groupoid with one object, morphisms G, and tensoring
functor g ® h := gh for g,h € G. Given a function f: E — G, define a collection
(Ta,p)awb of morphisms by

(2.31) Ty =

)

fleap) ifa <b,
fleap)™t ifa>b.
Equation (ZI) is obviously satisfied, and the hexagonal equation (ZZ) holds since G

is abelian. Let (YT, a®) € Z?(P;G) be the product system given by Theorem 211
Then of := o is the unique element of Z?(P; @) which satisfies (Z.29) and (Z30),
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and using this uniqueness property it is easy to see that f — [af ] is a group
homomorphism from [] . G to H?(P;G). Moreover, condition (Z27) in Proposi-
tion Z-IT]implies that this homomorphism is injective. Since every collection (T, )
arises from a function f: E — G according to ([Z31)), and since T — [(YT,aT)] is
surjective, so is f — [af]. O

Remark 2.13. When IT" has no edges, Corollary says that the free semigroup
Iﬁ‘j has trivial second cohomology. When I is the complete graph on A, it says that

H?(NF; @) is isomorphic to the direct product of (g) copies of G.
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